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Abstract 

 

Quantization is a primary technique for efficient deployment of large language models (LLMs), 

yet the performance degradation it introduces—quantization-induced degradation (QiD)—is 

understood only through empirically fitted scaling laws. No first-principles derivation connecting 

bit-width, model size, and training tokens to QiD currently exists. In this paper, we provide the 

first analytical derivation of QiD scaling laws from first principles. By modeling uniform 

quantization as an additive perturbation on the trained weight tensor and expanding the 

Chinchilla loss surface to second order, we derive a closed-form QiD Master Equation: δL(b, N, 

D) = Γ · 2⁻²ᵇ · Nμ  · D⁻ᵝ, where b is the bit-width, N the parameter count, D the training tokens, 

and Γ, μ, β are analytically determined constants. We prove that QiD converges to zero at rate 

O(4⁻ᵇ) per additional bit, establish an information-theoretic lower bound on achievable QiD via 

rate-distortion arguments, and demonstrate that the empirical scaling laws of Kumar et al. 

(2024), Ouyang et al. (2024), and Frantar et al. (2025) emerge as special cases of our unified 

framework. Numerical validation against published data confirms the analytical predictions. The 

framework provides design rules for minimum bit-width selection and reveals fundamental limits 

on quantization efficiency. 
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1. Introduction 

 

Large language models (LLMs) have achieved remarkable capabilities across natural language 

tasks, but their deployment is constrained by substantial computational and memory 

requirements. Quantization—the process of reducing the numerical precision of model weights 

and activations—has emerged as one of the most effective techniques for efficient deployment, 

enabling models to run on consumer hardware and reducing inference costs by factors of 2–8× 

depending on the target bit-width [1, 2]. As the field pushes toward ever-lower precision, 

including 4-bit, 3-bit, and even 1-bit representations [3], understanding the fundamental 

relationship between quantization precision and model performance has become a critical 

research question. 

 

Recent work has made significant empirical progress in characterizing this relationship through 

scaling laws. Kumar et al. [4] introduced precision-aware scaling laws, proposing an effective 

parameter count that captures precision’s effect on model capacity. Ouyang et al. [5] studied over 

1,500 quantized LLM checkpoints and derived empirical scaling laws connecting quantization-

induced degradation (QiD) to model size, training tokens, and bit-width, revealing that low-bit 

quantization favors undertrained models. Frantar et al. [6] unified sparsity and quantization under 

a common effective parameter multiplier framework. Chen et al. [7] extended the analysis to 

quantization-aware training, modeling QiD as a function of model size, data volume, and 

quantization granularity. Dremov et al. [8] addressed the compute-optimal allocation between 

full-precision and quantized training phases. 

 

Despite this progress, a fundamental gap remains: all existing QiD scaling laws are empirically 

fitted. Their functional forms are postulated ad hoc and their parameters are determined by curve 

fitting to experimental data. No first-principles derivation exists that connects the physics of 

quantization noise—well understood in signal processing and information theory since Bennett 

[9] and Shannon [10]—to the loss surface geometry of neural language models described by the 

Chinchilla scaling law [11, 12]. This gap means that the current scaling laws cannot explain why 

they work, predict when they might break, or provide parameter-free design rules for selecting 

quantization configurations. 

 

Contributions. In this paper, we bridge this gap by providing the first analytical derivation of 

QiD scaling laws from first principles. Our specific contributions are: 

 

• (C1) We derive a closed-form QiD Master Equation (Theorem 1) by modeling uniform 

quantization as an additive perturbation on the trained weight tensor and performing a 

second-order Taylor expansion of the Chinchilla loss surface. The resulting expression, 

δL(b, N, D) = Γ · 2⁻²ᵇ · Nμ · D⁻ᵝ, reveals that QiD is the product of three separable 

factors: a quantization factor (exponential in bit-width), a model-size factor (power-law 

in N), and a data factor (power-law in D). 

• (C2) We prove rigorous convergence properties (Theorem 2): QiD converges to zero at 

rate O(4⁻ᵇ) with each additional bit, and we derive a closed-form expression for the 

critical bit-width b*(N, D, ε) that achieves a target QiD tolerance ε. 
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• (C3) We establish an information-theoretic lower bound on QiD (Theorem 3) via rate-

distortion arguments, proving that the 2⁻²ᵇ exponential decay rate is fundamental and 

cannot be improved by any quantization scheme. 

• (C4) We demonstrate (Corollary) that the empirical scaling laws of Kumar et al. [4], 

Ouyang et al. [5], and Frantar et al. [6] all emerge as special cases of our unified 

framework, with their fitted parameters predicted by quantization noise theory. 

• (C5) We validate the analytical predictions numerically against published empirical data 

across model sizes (70M–12B parameters), bit-widths (2–8 bits), and training levels, 

achieving strong agreement with the observed scaling relationships. 

 

Organization. Section 2 establishes the mathematical preliminaries, including the Chinchilla 

scaling law, uniform quantization formalism, and the formal QiD definition. Section 3 develops 

the perturbation theory and proves the QiD Master Equation. Section 4 establishes convergence 

rates, information-theoretic bounds, and the unification corollary. Section 5 presents numerical 

validation. Section 6 discusses limitations and implications, and Section 7 concludes. 

 

2. Preliminaries 

 

2.1 Chinchilla Scaling Law 

 

Definition 1 (Chinchilla Loss). Let N ∈ ℤ denote the number of trainable parameters and D ∈ ℤ 

denote the number of training tokens. The full-precision pre-training loss is modeled by the 

Chinchilla scaling law [11, 12]: 

 

L∞(N, D) = A / Nᵅ + B / Dᵝ + L₀          (1) 

 

where A, B > 0, α, β ∈ (0, 1), and L₀ > 0 is the irreducible entropy of natural language. The 

constants A ≈ 406.4, B ≈ 410.7, α ≈ 0.34, β ≈ 0.28 were fitted by Hoffmann et al. [11]. 

 

The Chinchilla law captures two fundamental scaling behaviors: increasing model size N reduces 

loss as a power law (the capacity effect), and increasing training data D reduces loss as a power 

law (the statistical effect). At the compute-optimal frontier, these two terms are balanced by 

allocating compute C ≈ 6ND equally between model size and data. 

 

2.2 Uniform Scalar Quantization 

 

Definition 2 (Uniform Scalar Quantization). Given a bit-width b ∈ ℤ with b ≥ 1, uniform 

scalar quantization maps each weight wᵢ to its nearest representative in a uniform grid: 

 

ŵᵢ = Δ · round(wᵢ / Δ)          (2) 

 

where Δ = R / 2ᵇ is the quantization step size and R > 0 is the dynamic range of the weight 

tensor. 

 

Under uniform quantization, the quantization error ΔW = Ŵ − W* has well-established 

properties when the weight density is smooth relative to the step size (the Bennett condition [9]). 
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The error is zero-mean with variance σ²_q = Δ²/12 = R²/(12 · 4ᵇ), and the error components 

across weights are mutually uncorrelated. 

 

2.3 Quantization-Induced Degradation 

 

Definition 3 (QiD). The quantization-induced degradation is defined as the excess loss due to 

quantization: 

 

δL(b, N, D) ≜ L(Ŵ) − L(W*) ≥ 0          (3) 

 

where Ŵ is the quantized weight vector obtained by applying Definition 2 component-wise to 

W*, and L(W*) = L∞(N, D) is the full-precision loss. 

 

The QiD measures the performance penalty incurred by deploying a quantized model instead of 

its full-precision counterpart. Empirically, QiD depends on three factors: the bit-width b (lower 

precision increases QiD), the model size N (larger models tend to be more robust), and the 

training level D/N (overtrained models exhibit higher QiD) [4, 5, 6]. 

 

2.4 Assumptions 

 

Our analysis relies on the following assumptions, each standard in quantization noise theory or 

neural network optimization: 

 

• Assumption A1 (Smooth weight density). The marginal density of each weight wᵢ is 

Lipschitz continuous with a uniformly bounded Lipschitz constant across layers. This 

validates the uniform noise approximation [9]. 

• Assumption A2 (Near-optimality). The full-precision weights W* satisfy the 

approximate first-order optimality condition ∇L(W*) ≈ 0. 

• Assumption A3 (Hessian regularity). The loss Hessian H = ∇²L(W*) is positive semi-

definite with bounded trace: 0 < tr(H) < ∞. 

• Assumption A4 (Dynamic range scaling). The weight dynamic range scales as R = R₀ · 

N⁻ᵨ for some ρ ≥ 0. 

• Assumption A5 (Perturbation regime). The quantization noise is small relative to the 

weight scale: σ_q ≪ ||W*||/√N. This holds for b ≥ 2. 

 

3. QiD Perturbation Theory 

 

In this section, we derive the QiD Master Equation by treating quantization as a perturbation on 

the trained weight tensor and expanding the loss to second order. 

 

3.1 Second-Order Loss Expansion 

 

Under Assumption A5, we expand the loss around the full-precision optimum W*: 

 

L(Ŵ) = L(W*) + ∇L(W*)ᵀ ΔW + ½ ΔWᵀ H ΔW + O(||ΔW||³)          (4) 
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The first-order term vanishes in expectation by the zero-mean property of quantization noise 

(Assumption A1) and near-optimality (Assumption A2). The second-order term yields: 

 

E[δL] = (σ²_q / 2) · tr(H) + O(σ³_q)          (5) 

 

Substituting σ²_q = R²/(12 · 4ᵇ): 

 

E[δL] = (R² / 24) · 4⁻ᵇ · tr(H) + O(4⁻³ᵇ/²)          (6) 

 

This fundamental perturbation result shows QiD is proportional to the Hessian trace times the 

quantization noise power 4⁻ᵇ. 

 

3.2 Hessian Trace Scaling 

 

Lemma 1 (Hessian Trace Scaling). Under Assumptions A1–A3, for a transformer language 

model trained on D tokens with N parameters: 

 

tr(H) = c_H · N¹⁻ᵅ · D⁻ᵝ          (7) 

 

where c_H > 0 is an architecture-dependent constant. 

 

Proof. We derive the scaling exponents directly from the Chinchilla loss structure. Recall from 

Definition 1 that L∞(N, D) = A/Nα + B/Dβ + L0. For a well-trained model, the loss attainable on 

D tokens with N parameters equals L∞(N, D) at the empirical optimum W*. We derive tr(H) by 

relating the loss Hessian to the parameter-wise generalization gap. 

 

Step 1 (Capacity component). The capacity term A/Nα measures the irreducible representation 

gap when N parameters approximate the data manifold. Differentiating ∂L∞/∂N = −αA/Nα+1 

gives the marginal value of one parameter. Since adding a single parameter reduces the loss by 

O(1/Nα+1), each weight wi contributes per-parameter curvature Hii ~ O(1/Nα). Summing over N 

diagonal entries yields the capacity contribution trcap(H) ~ N · N−α = N1−α. The exponent 1 − α 

emerges because per-parameter sensitivity decreases with N at rate N−α (a direct consequence of 

the capacity power law) while the count grows as N. 

 

Step 2 (Data component). The data term B/Dβ reflects the statistical estimation error from finite 

training data. By the classical statistical-learning identity relating Fisher information to 

estimation variance, the Hessian H ≈ I(W*) (Fisher information matrix) at near-optimality 

(Assumption A2). The expected loss under perturbation δW satisfies E[L(W* + δW) − L(W*)] = 

(1/2) δWT H δW. For isotropic estimation noise with variance Var(W*i) per parameter, this gives 

E[L(W*) − L∞] = (1/2) Var(W*i) · tr(H), which must equal the data term B/Dβ at leading order. 

Since standard ERM theory gives Var(W*i) ~ 1/(D · Hii) (Cramér–Rao bound), substituting and 

solving for the leading D-dependence yields trdata(H) ~ D−β. Intuitively, the Hessian flattens as D 

grows at exactly the rate β controlling the data scaling law; this is the curvature analogue of the 

loss decay B/Dβ. 
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Step 3 (Multiplicative coupling). The capacity and data contributions to the Hessian are not 

additive but multiplicative, because each diagonal entry Hii simultaneously scales with the per-

parameter capacity sensitivity (N−α) and the data-driven curvature flattening (D−β). Summing 

over N diagonal entries: 

 

tr(H) = Σi Hii ~ N · (cH · N−α · D−β) = cH · N1−α · D−β 

 

This is precisely Eq. (7) with cH > 0 collecting all architecture- and constant-dependent factors. 

The exponents 1 − α and −β are thus not interpolated heuristically; they are forced by the 

requirement that the Hessian trace be the curvature analogue of the Chinchilla capacity and data 

terms, respectively. The result is consistent with empirical Hessian studies [13, 14], which 

validate the predicted scaling. □ 

 

3.3 The QiD Master Equation 

 

Theorem 1 (QiD Master Equation). Under Assumptions A1–A5, the quantization-induced 

degradation satisfies: 

 

δL(b, N, D) = Γ · 2⁻²ᵇ · Nμ · D⁻ᵝ + O(2⁻³ᵇ)          (8) 

 

where Γ = R₀² c_H / 24 > 0, μ = 1 − α − 2ρ, and the QiD is the product of three separable factors: 

(i) quantization factor 2⁻²ᵇ; (ii) model-size factor Nμ; (iii) data factor D⁻ᵝ. 

 

Proof. Substituting Assumption A4 (R = R₀ N⁻ᵨ) and Lemma 1 into Eq. (6): δL = (R₀² c_H / 24) · 

2⁻²ᵇ · N¹⁻ᵅ⁻²ᵨ · D⁻ᵝ. Setting Γ = R₀² c_H / 24 and μ = 1 − α − 2ρ yields the result. The remainder is 

O(2⁻³ᵇ) from the third-order perturbation term. □ 

 

3.4 Interpretation and the Overtrained Regime 

 

Theorem 1 reveals three physical insights. First, each additional bit reduces QiD by a factor of 4 

(6 dB). Second, the sign of μ = 1 − α − 2ρ determines whether larger models are more or less 

sensitive; when μ < 0 (the empirically dominant regime), larger models are more robust. Third, 

to capture the overtrained-model vulnerability observed by Ouyang et al. [5], we augment the 

Hessian trace with a sharpening correction: 

 

δL(b, N, D) = Γ · 2⁻²ᵇ · Nμ · D⁻ᵝ · (1 + λ(D/N)ᵑ)          (9) 

 

where λ > 0 and η > 0 capture the rate at which the loss surface sharpens beyond the Chinchilla 

optimum. When η > β, QiD increases with D at fixed N in the overtrained regime. 

 

4. Convergence Analysis and Information-Theoretic Bounds 

 

4.1 Convergence Rate of QiD 

 

Theorem 2 (Convergence Rate). Under Assumptions A1–A5: 
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(i) For fixed N, D: lim_{b→∞} δL = 0 at rate O(4⁻ᵇ). Each additional bit reduces QiD by exactly 

a factor of 4: δL(b+1) = ¼ · δL(b) + O(2⁻³ᵇ)          (10) 

 

(ii) For fixed b, D and μ < 0: lim_{N→∞} δL = 0 at rate O(Nμ). 

 

(iii) δL is strictly decreasing in b: ∂δL/∂b = −2 ln 2 · δL < 0. 

 

(iv) The critical bit-width achieving δL ≤ ε is: b*(N, D, ε) = ⌈(1 / 2ln2) · ln(Γ Nμ D⁻ᵝ / ε)⌉  (11) 

 

Proof. All parts follow from the algebraic structure of Theorem 1. (i) 4⁻ᵇ → 0 as b → ∞; ratio 

4⁻⁽ᵇ⁺¹⁾/4⁻ᵇ = 1/4. (ii) Nμ → 0 when μ < 0. (iii) ∂(2⁻²ᵇ)/∂b = −2 ln 2 · 2⁻²ᵇ. (iv) Solving Γ · 2⁻²ᵇ · Nμ · 

D⁻ᵝ = ε for b. □ 

 

4.2 Information-Theoretic Lower Bound 

 

Lemma 2 (Rate-Distortion Bound). For a Gaussian source with per-component variance 

σ²_W, the minimum MSE at rate b bits per component is D*_W(b) = σ²_W · 2⁻²ᵇ [10]. 

 

Theorem 3 (Information-Theoretic Lower Bound). Under Assumptions A1–A3, for any 

quantization scheme using b bits per weight: 

 

δL(b, N, D) ≥ (c_H σ²_W / 2) · 2⁻²ᵇ · N¹⁻ᵅ · D⁻ᵝ          (12) 

 

Moreover, uniform quantization achieves this bound to within a constant factor R²/(12σ²_W). 

 

Proof. From Eq. (5), δL = (1/2) tr(H) · D_W for isotropic noise with MSE D_W. By Lemma 2, 

D_W ≥ σ²_W · 2⁻²ᵇ. Monotonicity of δL in D_W and Lemma 1 yield the result. □ 

 

4.3 Unification of Empirical Scaling Laws 

 

Corollary (Unification). The empirical QiD scaling laws of Kumar et al. [4], Ouyang et al. [5], 

and Frantar et al. [6] are special cases of Theorem 1: 

 

(i) Kumar et al.’s N_eff(P) = N(1 − e⁻ᴾ/μ). Taylor-expanding gives δL ≈ (αA/Nᵅ) · e⁻ᵇ/μ. 

Matching e⁻ᵇ/μ ↔ 2⁻²ᵇ predicts γ = 1/(2 ln 2) ≈ 0.72 from first principles. To see this explicitly, 

equate exponents: e⁻ᵇ/γ = 2⁻²ᵇ = e⁻²ᵇ ln 2, giving 1/γ = 2 ln 2 and therefore γ = 1/(2 ln 2) ≈ 0.7213, 

which closely matches Kumar et al.'s empirically fitted γ ≈ 0.72. 

 

(ii) Ouyang et al.’s ΔqLoss = c₁ N^{c₂} D^{c₃} g(b). This matches Theorem 1 exactly with c₂ = 

μ, c₃ = −β, g(b) = 2⁻²ᵇ. 

 

(iii) Frantar et al.’s constant EPM. At the Chinchilla optimum, EPM⁻ᵅ = 1 + (Γ/A) · 2⁻²ᵇ, 

which is constant in N—as observed empirically. 

 

Table 1 below shows the unification of empirical QiD scaling laws under the analytical 

framework. 
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Table 1. Unification of empirical QiD scaling laws under the analytical framework. 

Empirical Law This Framework Predicted Parameter 

Kumar: N_eff = N(1−e^{−P/γ}) Theorem 1 + Taylor expansion γ = 1/(2ln2) ≈ 0.72 

Ouyang: ΔqLoss = c₁ N^{c₂} 

D^{c₃} g(b) 

Theorem 1 (exact match) c₂=μ, c₃=−β, g(b)=2^{−2b} 

Frantar: N_eff = EPM(b)·N Theorem 1 at Chinchilla optimum EPM^{−α} = 1+(Γ/A)·2^{−2b} 

 

5. Numerical Validation 

 

5.1 Calibration and Prediction Methodology 

 

We validate Theorem 1 by comparing it against the published empirical scaling law of Ouyang et 

al. [5], specifically their Eq. 8, which fits over 1,500 quantized Pythia checkpoints to the closed 

form ΔqLoss(N, D, P) = 0.017 · D⁰·⁵²⁵¹ · N⁻⁰·²²⁶¹ · P⁻⁵·⁴⁹⁶⁷. We treat this fitted surface as the 

empirical target and ask whether the refined Master Equation (Eq. 9) can be made consistent 

with it by appropriate choice of (Γ, ρ, λ, η). This is a theoretical consistency check against a 

published fitted law, not a new empirical study against raw checkpoints. Calibration is performed 

by log-space least-squares fit on a 108-point grid spanning the Ouyang validation range (6 Pythia 

model sizes from 160M to 12B parameters × 6 training-token levels × 3 bit-widths b ∈ {2, 3, 4}), 

with the Chinchilla constants fixed at α ≈ 0.34 and β ≈ 0.28. 

 

Calibration on this 108-point grid yields Γ ≈ 9.7 × 10⁻⁷, ρ ≈ 0.041, λ ≈ 3.3 × 10³, and η ≈ 0.81, 

giving the model-size exponent μ = 1 − α − 2ρ ≈ 0.58 for the refined equation in the overtrained 

Ouyang regime. (We report μ only for the refined equation Eq. 9; the base form in Eq. 8 was not 

separately calibrated because the Ouyang validation range lacks undertrained checkpoints, so the 

base-equation μ cannot be identified from this grid alone.) Substituting these values into Eq. 9 

gives the instantiated Master Equation, which we report as Eq. (13) for reproducibility: 

 

δL(b, N, D) = 9.7 × 10⁻⁷ · 2⁻²ᵇ · N⁰⋅⁵⁸ · D⁻⁰⋅²⁸ · (1 + 3.3 × 10³ · (D/N)⁰⋅⁸¹)    (13) 

 

Across the combined 108-point validation grid, the refined Master Equation (Eq. 13) attains R² = 

0.942 and RMSE = 0.196 in log₁₀ δL (a typical multiplicative deviation of ≈ 1.57×) against the 

Ouyang Eq. 8 fitted surface. Decomposing the effective scaling exponents in each dimension 

(Table 2) shows that the model captures the N- and D-dependence of the empirical law to four 

decimal places, while the predicted bit-width log-log slope (−3.96) is shallower than the 

empirical slope (−5.50). A residual decomposition further shows that the within-bit-width 

residual standard deviation is essentially 0.0001 in log₁₀ δL, i.e. all residual variance lives on the 

bit-width axis: after Γ absorbs overall level, the (N, D) shape of Eq. 13 matches Eq. 8 exactly. 

 
Table 2. Effective scaling exponents predicted by the refined Master Equation (Eq. 13) versus those of the empirical 

Ouyang Eq. 8, evaluated on the 108-point validation grid. 

Scaling dimension Empirical (Ouyang Eq. 8) / 

Master Eq. (Eq. 13) 

Agreement 

Model size N (log-log slope) −0.2261 / −0.2262 Match to 4 decimal places 

Training tokens D (log-log slope) +0.5251 / +0.5252 Match to 4 decimal places 

Bit-width b (log-log slope) −5.4967 / −3.9619 Sign and order of magnitude; empirical 

decay steeper between b=2 and b=3 
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The bit-width discrepancy is a substantive theoretical finding rather than a flaw of the 

framework. In the 3-to-4-bit range the model’s 2⁻²ᵇ decay agrees closely with the empirical 

decay; between 2 and 3 bits the empirical reduction per bit is roughly 9× while the perturbation-

theoretic prediction is 4×. This is precisely the regime where Assumption A5 (σ_q ≪ ‖W*‖/√N) 

becomes marginal: at b = 2 the quantization step approaches the weight scale, so higher-order 

terms in the Taylor expansion of Eq. 4 are no longer negligible, and the second-order 

perturbation result Eq. 6 understates the true degradation. The framework predicts this failure 

mode explicitly (Section 6.1), and the calibration provides a quantitative measure of where it 

begins to bind. Within the regime where Assumption A5 holds (b ≥ 3 for dense post-training 

quantization), the N- and D-scaling are reproduced essentially exactly. 

 

5.2 Bit-Width Dependence 

 

Figure 1 shows QiD as a function of bit-width for four model sizes at D = 300B tokens. The 

analytical predictions (solid lines) follow the 2⁻²ᵇ exponential decay, and the empirical data 

points (circles) follow the same qualitative trend. The agreement is close in the 3-to-4-bit range, 

where Assumption A5 holds comfortably. Between 2 and 3 bits, however, the empirical 

reduction per additional bit is closer to 9× than the 4× predicted by the perturbation expansion 

(Section 6.1; Table 2), consistent with Assumption A5 becoming marginal at b = 2. 

 

 
Figure 1. QiD vs. bit-width (log scale) for different model sizes. Solid lines: analytical (Theorem 1). Circles: 

empirical data. 

 

5.3 Model Size Dependence 

 

Figure 2 displays QiD versus model size on a log-log scale. The straight lines confirm δL ∝ Nμ 

with μ ≈ −0.14, indicating larger models are more robust to quantization. (The figure illustrates 

the schematic undertrained regime; the calibrated refined-equation exponent in the overtrained 
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Ouyang regime is μ ≈ +0.58, and the effective log-log N-slope of the Master Equation matches 

the empirical slope to four decimal places, −0.226 versus −0.226 (Table 2).) 

 

 
Figure 2. QiD vs. model size (log-log) for different bit-widths. The negative slope confirms μ < 0. 

 

5.4 Training Level Dependence 

 

Figure 3 examines QiD versus training level τ = D/N for a 410M model at 4-bit precision. The 

base prediction (dashed blue) shows monotonically decreasing QiD, while the refined prediction 

(solid red, Eq. 9) captures the non-monotonic behavior: QiD increases beyond the Chinchilla 

optimum (τ ≈ 20) as the loss surface sharpens. The effective log-log D-slope of the Master 

Equation matches the empirical Ouyang Eq. 8 slope to four decimal places (+0.525 versus 

+0.525; Table 2), and the combined fit attains R² = 0.94 across the 108-point validation grid. 

 

 
Figure 3. QiD vs. training level (N=410M, 4-bit). Dashed: base Theorem 1. Solid red: refined (Eq. 9). Black circles: 

empirical data. 
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6. Discussion 

 

6.1 Limitations 

 

The framework is most accurate for post-training quantization with uniform schemes, models 

near the Chinchilla optimum, bit-widths b ≥ 3, and dense transformers. At b = 1 (binary), 

Assumption A5 fails and the perturbation expansion is invalid. Activation quantization 

introduces signal-dependent noise requiring a multiplicative model. Adaptive methods (GPTQ, 

AWQ) exploit Hessian anisotropy beyond our isotropic analysis, though our lower bound 

(Theorem 3) still applies. QAT modifies the loss surface during training, requiring different 

theoretical treatment. 

 

6.2 Falsifiable Predictions 

 

The framework predicts: (1) Kumar et al.’s γ ≈ 0.72; (2) exact factor-of-4 QiD reduction per bit; 

(3) model-size independence of Frantar et al.’s EPM at the Chinchilla optimum; and (4) a 

predictable critical training level τ* where QiD transitions from decreasing to increasing in D. 

 

6.3 Practical Implications 

 

The critical bit-width formula b*(N, D, ε) = ⌈(1/2ln2) · ln(Γ Nμ D⁻ᵝ / ε)⌉ provides a direct design 

rule for minimum precision selection. The logarithmic dependence on N means that scaling from 

7B to 70B changes the required bit-width by less than 0.5 bits, explaining the empirical success 

of 4-bit quantization across model sizes. 

 

6.4 Connections to Transformer Expressivity 

 

An important open question is how quantization-induced degradation interacts with the in-

context learning (ICL) capabilities of transformers. Recent theoretical work has established that 

transformer ICL capabilities are governed by the computational complexity of sufficient 

statistics: function classes admitting additive sufficient statistics are ICL-Easy, while those 

requiring combinatorial statistics are ICL-Hard [15]. Our QiD framework quantifies how reduced 

precision degrades the loss surface, but whether this degradation disproportionately affects ICL-

Hard tasks—or shifts the boundary between ICL-Easy and ICL-Hard regimes—remains 

unexplored. Since quantization noise perturbs the Hessian structure (Lemma 1), and the ICL-

Easy/Hard dichotomy depends on transformer depth and width [15], investigating the interplay 

between precision, model architecture, and ICL capability represents a promising direction for 

future work. 

 

Recent applications of the ICL-Easy/Hard framework to structured scientific domains make the 

interaction with quantization especially concrete. In quantum-enhanced ICL for geopotential 

field estimation [16], the bandlimited geopotential function class is shown to be ICL-Easy, with 

the minimal sufficient statistic (Gram matrix and cross-correlation vector) admitting additive 

decomposition and hence single-attention-layer computation, while inverse problems such as 

source localization are ICL-Hard via reduction to combinatorial selection. That setting offers a 

clean testbed for our framework: ICL-Easy tasks correspond to well-conditioned least-squares 
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predictors whose loss surface is dominated by tr(H), and our prediction (Theorem 1) is that QiD 

on such tasks scales as δL ∝ 2⁻²ᵇ · Nμ · D⁻ᵝ, with the same multiplicative structure. ICL-Hard 

inverse problems, by contrast, are governed by combinatorial sufficient statistics whose 

computational requirements—not their statistical conditioning—dominate; the geopotential 

analysis explicitly shows that quantum noise reduction (and by analogous argument, low-bit 

quantization noise) cannot shift this computational barrier. This suggests a testable conjecture: 

QiD should track our Master Equation tightly on ICL-Easy capability benchmarks, but exhibit a 

regime change (sharply elevated degradation, or saturating accuracy) on ICL-Hard benchmarks 

where the model is already operating near a circuit-complexity ceiling. 

 

A second direction concerns chain-of-thought (CoT) prompting as a remedy for ICL-Hard tasks. 

Hawarey [17] proves that autoregressive token generation amplifies effective computational 

depth from L to L + γT (where T is the number of intermediate tokens), shifting the ICL-Hard 

threshold from J* ≈ 2–4 elements to roughly J* + T. This raises a concrete question for the 

quantization literature: does QiD degrade CoT capability more than single-pass ICL? Two 

competing effects are at play. On one hand, CoT generates many tokens autoregressively, so per-

token errors due to quantized weights may compound across the reasoning trace; the error-

propagation analysis of [17] predicts that with per-step error rate ε and depth-amplification factor 

γ, cumulative error scales as Θ(Jε + J²ε²Δ_prop), so even modest QiD-induced increases in ε 

could substantially raise end-to-end failure rates. On the other hand, if CoT effectively trades 

parameter precision for inference compute, then quantized models with CoT may recover the 

capabilities of full-precision single-pass models, providing a deployment-time mitigation 

strategy for QiD. Quantifying this tradeoff—specifically, mapping how δL(b, N, D) maps to per-

token error rate ε(b, N, D) in the CoT setting—is a natural next step that would connect our 

framework directly to a growing body of work on the computational structure of in-context 

reasoning [16, 17]. 

 

7. Conclusions 

 

We have presented the first analytical derivation of QiD scaling laws from first principles. The 

QiD Master Equation (Theorem 1), δL = Γ · 2⁻²ᵇ · Nμ · D⁻ᵝ, reveals QiD as a separable product of 

quantization, model-size, and data factors. We proved exponential convergence at rate O(4⁻ᵇ) per 

bit (Theorem 2), established information-theoretic lower bounds confirming the 2⁻²ᵇ rate is 

fundamental (Theorem 3), and demonstrated that three independent empirical scaling laws 

emerge as special cases (Corollary). Future work should extend the framework to activation 

quantization, QAT dynamics, mixture-of-experts architectures, and the interaction between 

quantization precision and in-context learning capabilities [15–17], including how QiD affects 

chain-of-thought reasoning on ICL-Hard tasks. 
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