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Abstract

The integer recurrence C(n) = C(n—1) + C(n—2) + gcd(C(n—1), C(n—2)) reduces, after division by
the gcd of consecutive terms, to a map on coprime cofactor pairs. A step of this map is an
amplification when the gcd grows. We determine all cycles of the map with exactly one
amplification per period. There are exactly three: the fixed point (1, 2), the 2-cycle (3, 5) — (5,
9), and a new 4-cycle (29, 47) — (47, 77) — (77, 125) — (125, 203). Their cycle multipliers are
2,3 and 7. A sequence whose cofactor pairs reach one of these cycles therefore eventually grows
by exactly 2 per step, 3 per two steps or 7 per four steps. The proof shifts the cofactors by one,
which makes the dynamics between amplifications linear in the Fibonacci matrix. The unique
solution of the resulting linear system has an explicit Fibonacci norm, which forces the cycle
multiplier to be a Lucas number or one more than a Lucas number; gcd identities for Fibonacci
and Lucas numbers then exclude every period except 1, 2 and 4. As consequences, we give an
algebraic proof that the period-2 orbit is unique, and we correct a claim in the author’s earlier
work that no other periodic orbits exist. We also show that the seeds (1, 9), (1, 15) and (1, 27),
described as non-geometric in the author’s earlier work, grow by exactly 7 every four steps. For
cycles with any number of amplifications, the same linearization gives a cycle equation and
shows that the cycle multiplier exceeds ¢4, where q is the period and ¢ the golden ratio. In a
census of 8,771 coprime seeds, the new cycle attracts 35.9%.
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1. Introduction

The recurrence C(n) = C(n—1)+C(n—2) + gcd(C(n —-1),C(n— 2)) adds to the Fibonacci
rule the greatest common divisor of the two preceding terms. With seeds (1,1) it is OEIS
A083658 [1], which grows by exactly 3 every two steps. For seeds (1, p), the author’s earlier
work [2] proved that the growth is exactly geometric: ratio 2 for even p, and alternating ratios
5/3 and 9/5 for odd p prime to 3. It also isolated an anomalous class, odd p divisible by 3, for
which no closed form was found.

The author’s sequel [3] explained these regimes by dividing consecutive terms by their gcd. The
resulting coprime cofactor pairs follow a map whose periodic orbits (1,2) and (3,5) < (5,9)
produce the ratios 2 and 3. It concluded that no other coprime periodic orbits exist [3, Corollary
5], while listing higher-period orbits as an open question.

We classify the single-amplification cycles of this cofactor map, that is, the cycles in which the
gcd grows exactly once per period. Our main result (Theorem 10) is that there are exactly three:
the two above and a 4-cycle (29,47) — (47,77) = (77,125) — (125,203), along which the
sequence grows by exactly 7 every four steps. To the author’s knowledge, the 4-cycle and the
resulting regime C(n + 4) = 7 C(n) had not been reported when this work was submitted: a
search of the OEIS, arXiv and the journal literature on 7 October 2026 found no earlier report of
the period-4 cycle, nor of a classification of single-amplification cycles for this recurrence. The
4-cycle corrects [3, Corollary 5]; the correction notices issued for [2] and [3] on 9 October 2026
record this and the related corrections.

The new cycle is not rare. It is reached by the anomalous seeds p = 9,15,27 of [2] (Proposition
12), by 35.9% of the coprime seeds with entries at most 120, and by 38.4% of those with entries
at most 200 (Table 2). Along the way we obtain a purely algebraic proof of the uniqueness of the
period-2 orbit [3, Theorem 8]. We also show that Corollary 5 of [3] is correct for periods at most
2 (Corollary 11).

The method is linear algebra over the Fibonacci matrix. Shifting the cofactors by one makes the
dynamics between amplifications linear (Lemma 1), so a single-amplification cycle solves a

2 X 2 linear system (Lemma 3). The solution has an explicit norm (Lemma 5). Positivity and
integrality then force the cycle multiplier of a cycle of period g to be the Lucas number L, or
Ly + 1 (Theorem 7). Finally, gcd identities for Fibonacci and Lucas numbers exclude every
period except 1, 2 and 4 (Lemmas 8 and 9). The linearization does not depend on the number of
amplifications: every cycle solves a linear system of the same type, and its cycle multiplier
exceeds @7, where ¢ is the golden ratio (Proposition 13).

This places the problem in the framework of Greene and Niedzielski [4], who studied periodic
integer solutions of a,, = r(a,_; + a,_,) when this value is an integer and a,, = a,,_; + a_
otherwise, for a fixed rational r. There each step is one of two fixed 2 X 2 matrices, and periodic
solutions correspond to products of these matrices with eigenvalue 1, found by computer search
and in infinite families built from Fibonacci and Lucas identities. Here a single matrix suffices,
the divisor is a gcd read off the state, and the dynamics is affine; the divisor becomes an
unknown, but for one amplification the linear system can be solved in closed form and its
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integrality settled by a norm form. Related periodic-or-divergent behaviour occurs in other
nonlinear integer recurrences [5, 6] and in Collatz-type maps [7].

The closest methodological precedent is the classification of cycles of the 3x + 1 map by the
number of “events” per period. Bohm and Sontacchi [8] observed that, for a map that is affine on
each of two classes, a cycle with a prescribed sequence of classes solves one linear equation, so
each pattern carries at most one cycle. Steiner [9] proved that the trivial cycle {1,2} is the only 1-
cycle, or circuit: a cycle formed by one increasing run of odd numbers followed by one
decreasing run of even numbers. Simons and de Weger [10] proved that there are no nontrivial
m-cycles, formed by m such runs, for m < 68. A single-amplification cycle, g Fibonacci-type
steps with a division by g after the last one, is the analogue of a circuit, and cycles with several
amplifications are the analogue of m-cycles. The decisive step differs. For the 3x + 1 map the
divisor is always 2, and circuits, and m-cycles with m < 68, are excluded by transcendence
methods [9, 10]. Here the divisor is part of the unknown, the cycle equation is a 2 X 2 system

whose determinant is a norm from (@(\/g), and the Fibonacci norm form, with ged identities for
Fibonacci and Lucas numbers, settles the single-amplification case by elementary means.

The recurrence is therefore a useful model case beyond the questions left open in [2] and [3]. Its
cycles with one event per period can be classified completely and by elementary means, which is
rare for maps of Collatz type. The method uses only affine dynamics between divisions and a
divisor read off the state, so it applies to other conditional-division maps; Section 6 carries it
over to a Tribonacci analogue. And the classification gives exact growth laws C(n + q) =

G C(n), obeyed by 83.1% of the coprime seeds with entries at most 120 and by 78.1% of those
with entries at most 200 (Table 2).

Section 2 fixes notation. Section 3 linearizes the dynamics, Section 4 solves the cycle equation,
and Section 5 proves the classification and its consequences. Section 6 extends the cycle
equation to several amplifications and discusses limitations.

2. Preliminaries

Let a, b be positive integers and put C(1) = a,C(2) =bandC(n) =C(n—1)+C(n—2) +
ged(C(n—1),C(n — 2)) forn = 3. Since Crq xp = k Cop [2, Theorem 4], it suffices to consider
the following.

Al. The seeds a, b are positive integers with gcd(a, b) = 1.

Forn > 2 letd, = gcd(C(n — 1), C(n)) and call the coprime pair o, = (ay, fn) =
(C(n—-1)/d,, C(n)/d,) the state at index n. For a coprime pair (a, 8) of positive integers
define the step multiplier g = g(a, ) = gcd(B, @ + 1) and the map

B a+pf+1

Mmﬁy=@u—f;—ﬁ.
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The cofactor factorization of [3, Theorem 5 and Lemma 4] reads, in this notation, C(n + 1) =
d,(an + Bn + 1), 0,41 = R(0y,) and d,,.1 = g(0,) d,,. The sequence is therefore governed by
the orbit of 0, = (a, b) under R, together with the product of the step multipliers along it. A step
with g > 1 is an amplification. When g = 1, R coincides with the cofactor map T(«, B) =

(B, a + B + 1) of [3, Definition 3].

F, and L,, denote the Fibonacci and Lucas numbers (F, =0, F; = 1, Ly = 2, L; = 1), extended
to all integers by F_,, = (—1)"*1E, and L_,, = (—1)"L,,, so F_; = 1. We use the following
standard identities, valid for all integers. Identities (I1) and (I3) are formulas (15a) and (8) of
[11], and (I2) is Cassini’s identity [11, formula (29)] written with F,,_; = F,,,; — F,,. Identity
(14) follows from the Euclidean algorithm, since gcd(F, 41, F,) = gcd(F,, F,—1) and
gcd(Lyyq, L) = ged(Ly, Ly—1), down to gcd(Fy, Fy) = ged(Lq, Ly) = 1.

(I1) FaLy = Foyp + (_1)bFa—b;

(12) Fyy — Fppa By — B = (=D

(I3) Fy-1 By + F Py = Py

(14) ged(Fy, Fryq) = ged(Lp, Lpyq) = 1.

F,_ F,

Let Q = (O 1 q-1 q >,
11 Fq Fq+1

trQ? = L, and detQ? = (—1)9. The Leonardo numbers Le, = 2F,,; — 1 satisfy Le, =

Le,_1 + Le,_, +1[12]. We write Le,,, where [3] wrote L(n), so that L,, always denotes a Lucas
number.

), and let I denote the 2 X 2 identity matrix. For g = 0, Q7 = (

Scope.

S1. We classify the cycles of R with exactly one amplification per period.

S2. Only the two-term recurrence above is treated.

S3. Transient lengths, basins of attraction and non-periodic orbits are not characterized.
3. Linear Form of the Cofactor Dynamics

Shifting the cofactors by one makes every non-amplifying step linear.

Lemma 1. Let (xo, x1) be a state and x;.1 = xj + xj_1 + 1 for j = 1. If the first k steps of R
from (xg, x1) are not amplifications, then R' (xq, x;) = (xj, xj+1) for 0 < j < k. Moreover, for
all j = 0,

(xj+1 )=Qj(xo+1>-
Xjp1+ 1 x,+1
Proof If R (x4, x1) = (xj,xj+1) and g = 1, then R(xj,xj+1) = (xj+1,xj + Xj4q + 1) =

(xj+1, xj+2). With y; = x; + 1 the recurrence becomes y;,41 = ¥; + y;j_1, which is the matrix
identity. m
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For (xo,%;) = (1,1) this gives x; = Le;, which recovers the Leonardo dynamics of [3,
Proposition 3].

Lemma 2. For every state (a, 8), the image (', ") = R(a, B) is a state with B’ — a' =
(a +1)/g(a,B) = 1. In particular, every state on a cycle of R satisfies B > a.

Proof. The multiplier g = gcd(B, a + 1) divides f and a + 1, hence also a + 8 + 1. Therefore
B’ —a' = (a+ 1)/g is a positive integer, and gcd(a’, ') = gcd(B,a + 1)/g = 1. A state on a
cycle is the image of its predecessor. m

Definition 1. A state o is periodic if R1(g) = o for some q = 1. The least such q is its period,
and {0, R(0), ..., R7"1(0)} is a cycle. The cycle multiplier G is the product of its g step
multipliers. The cycle is single-amplification if exactly one of these exceeds 1; then G = g is that
step multiplier. Its normalized state, denoted ¢, is the state immediately after the amplification.
A cycle attracts a seed if the state sequence of the seed eventually enters it.

Lemma 3. (a) Let (a, ) be a state with > «, and let xo = @, x; = p and Xj4+1 = Xj + xj_1 +
1. Then (a, B) is the normalized state of a single-amplification cycle of period q and cycle
multiplier g if and only if both of the following hold:

(i) gcd(xj, xj41) =1 for1 <i<q-—1,
(ii) (xq,xq+1) =g (a,B) with g = 2.

Condition (ii) is equivalent to the cycle equation

(gl —QDHu=(g—1)1, u=(a+1, £+, 1=11D"

(b) If the state On, of a sequence lies on a cycle of period q and cycle multiplier G, then C(n +
q) =GC(n) foralln = ny— 1.

Here, as throughout, step j is the step from R’ (a, B). As long as the earlier steps are not
amplifications, step j has step multiplier gcd(xj+1, xj+2) (see the proof), so condition (i) says
that steps 0, ..., ¢ — 2 are not amplifications, and condition (ii) says that step g — 1 is an
amplification that returns to (a, ).

Proof. (a) Along non-amplifying steps the states are (xj, xj+1) by Lemma 1. The step from
(xj, xj+1) has multiplier gcd(xj+1,xj + 1) = gcd(xj+1,xj+2), which gives (i).

The last step maps (xq_l, xq) to (xq, xq+1) / gcd(xq, xq+1). This equals (a, 8) exactly when (ii)

holds, and then gcd(xq,xq+1) = ggcd(a, B) = g. Since x; is strictly increasing, g = 2, and no
earlier state equals (a, ), so the period is q.

By Lemma 1, (xq + 1, xq41 + 1)T = Q%u. So (ii) reads Q9u — 1 = g(u — 1), which is the
cycle equation.
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(b) The states repeat with period q, and d,.; = G d,, by the relation d,,.; = g(o,,)d,;, of Section
2. Hence C(n) = d, B, and C(n — 1) = d,a,, are both multiplied by G. m

Lemma 3(b) identifies geometric lock-in, that is, C(n + q) = G C(n) for all large n [3,
Definition 4], with entering a cycle; conversely, lock-in makes the states periodic, since the state
is unchanged when C(n — 1) and C(n) are both multiplied by G. Lemma 3(a) reduces single-
amplification cycles to a 2 X 2 linear system with one arithmetic side condition. This is the
matrix-product approach of Greene and Niedzielski [4] to periodic integer solutions of
recurrences with conditional division. Here the divisor is a gcd rather than a fixed rational
number, the dynamics is affine, and all non-amplifying steps use the one matrix @Q, so the cycle
equation can be solved in closed form (Proposition 4).

4. The Cycle Equation and the Lucas Constraint

Throughout, g = 1 and g > 2 are integers, and

D = Dq4(g) = det(gl — Q) = g* = Ly g + (-1

Proposition 4. We have D + 0, and the cycle equation has the unique solution
u = (u',v*) =7 (9—Fyo1, g+ Fy2).

Proof. The roots of D are @9 and ¥4, where ¢, = (1 + \/g) /2. Their discriminant L7 —
4(-1)1 = 5Fq2 is not a perfect square, so D has no integer root. Cramer’s rule with adj(gl —

—F, F, -
09) = (9 qu+1 . qu_1> gives u* = ng (g - Foor +Fy g+ Fy — Fq_l), which is the

stated form. m

Lemma 5. Let N(u,v) = v? —uv — u?. Then N(u*,v*) = —(g — 1)?/D. Consequently, if u*
and v* are integers, then D | (g — 1)

Proof. PutA = g — F;_1 and B = g + F,_,. Expand, and use 3F,_; + F,_, = L, together with
(I2) forn = q — 2:

B?—AB—-A*=—-g*+L,9— (F2-y — Fy—1F;, — F?_;) = —D.

Hence N(u*,v*) = (g — 1)?(B? — AB — A?)/D?> = —(g — 1)?/D. m

The form N is the Fibonacci norm form, which characterizes consecutive Fibonacci pairs [13].
Lemma 5 fixes the norm of every candidate cycle.

Lemma 6. [f'u” is the shifted normalized state of a single-amplification cycle, then D > 0.
Equivalently, g = Lq when q is even and g = Lq + 1 when q is odd.

Proof. By Proposition 4, v* —u* = (g — 1)F,;/D, and v* > u" by Lemma 2. Hence D > 0.

If q is even, then L, 23andD=g(g—Lq)+1.For2SgSLq—lwehaveg(Lq—g)Z
Ly—1,s0D<2-1L;<0;forg =L, wehave D = 1.
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If g is odd, then D = g(g — Lq) — 1. This is at most —1 for g < L, and at least L, for g =
Lo+1.m
q

Proposition 13 in Section 6 extends this bound to cycles with any number of amplifications.

Theorem 7 (Lucas constraint). Let (a, ) be the normalized state of a single-amplification
cycle of period q and cycle multiplier g.

(a) If q is even, then g = Lg and (a + 1, +1) = (Lq — 1) (Fq+1,Fq+2).
(b) If q is odd, then g = Ly + 1 and (a, ) = (Fy41, Fg42)-

Proof. Since f > a (Lemma 2), Lemma 3(a) and Proposition 4 give (¢ + 1, + 1) = u*. This
vector is integral, so D | (g — 1)? by Lemma 5, and D > 0 by Lemma 6.

Write e = (=1)?and g = L, + t,witht = 0ifgisevenand t = 1if g isodd. Then D = tg +
g,s0t(g—1) = —(t+¢) (mod D). Hence D | (g — 1)? implies D | (t + £)2.

Let g be even. If t > 1, then t(Lq + t) +1=D < (t+1)? 50 Ly < 2, which is impossible.
Hencet =0, g = Ly and D = 1. Proposition 4 then gives u* = (Lq — 1)(Lq — Fq_l) =
(Lg = 1)Fgsr and v* = (Lg = 1)(Lg + Fy—z) = (Lg — 1)Fyua

Let g be odd. If t > 2, then t(Lq + t) —1=D<(t-1)?%s0 tLq < 2 — 2t <0, which is
impossible. Hence t = 1, g = L; + 1 and D = L. Proposition 4 then gives u™ = F,,; + 1 and
U* = Fq+2 + 1 |

Theorem 7 uses only positivity and integrality. Coprimality and condition (i) of Lemma 3 remain
to be checked. For g = 1, ...,8 the candidate states are (1,2), (3,5), (3,5), (29,47), (8,13),
(220,356), (21,34) and (1563,2529).

5. Classification and Consequences

As in Lemma 3, steps are counted from the normalized state: step j is the step from R/ (c*).
Lemma 8 (even periods). For q = 2m, the candidate of Theorem 7(a) is

(@, B) = Lin (Fsm41, Famae2) if mis odd, and (a, B) = Fy, (L3mi1, Lama2) if m is even.

Hence gcd(a, B) equals Ly, or Ey, and it equals 1 only for q € {2,4}.

PVOOf By (Il) Wlth b == Zm, we haVe L2mF2m+1 == F4m+1 + 1 and L2mF2m+2 = F4m+2 + 1.

Hence @ = Fym+1 — Fam+1s B = Fam+2 — Fams2-
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Again by (I1), for s = 1,2,

LinFsmys = Fames + (_1)mF2m+s’ EnLsmss = Famas — (_1)mF2m+s-

The first expression equals the candidate when m is odd, and the second when m is even. By (14),
the gcd is therefore L,, or F,,. Finally, L,,, = 1onlyform = 1,and F,, = lonlyform < 2. m

For example, g = 6 gives (220,356) with gcd L; = 4, and ¢ = 8 gives (1563,2529) with gcd
F, = 3.

Lemma 9 (odd periods). For odd q = 3, step 0 or step 1 from (Fq+1, Fq+2) is an amplification.
Hence no single-amplification cycle has odd period q = 3.

Proof. While no amplification occurs, Lemma 1 and (I3) give x; = Fgyj4q + Fj4q — 1. Step 0
has multiplier gcd(Fq+2, Foisz + 1). If this equals 1, then step 1 has multiplier gcd(Fq+3 +
1LFa+2)=ged(Fpys+ 1, Fppp+1).

Let w = q + 2, which is odd and at least 5. By (I1),

Fapsr + 1= Fypqq1Llag, Fapsz + 1= FopyLlay,
Fapez + 1= Fopp1Loksa Fapra + 1= FoppqLopys.

So L,y = 3 divides gcd(F, + 1,F,,;1 + 1) ifw = 4k + 1, and Fyp 4, = 2 divides it if w = 4k +
3; in both cases k = 1. Thus step 0 or step 1 is an amplification. Since g = 3, this contradicts
Lemma 3(a)(i). m

The quantity gcd(F, + 1, F,44 + 1) is the classical unbounded case among gcds of shifted
Fibonacci numbers [14-16]. Lemma 9 shows that it is exactly what rules out the odd candidates.

Theorem 10 (Main Theorem). The cycles of R with exactly one amplification per period are
precisely the following:

(i) the fixed point (1,2), with cycle multiplier 2;
(ii) the 2-cycle (3,5) — (5,9), with cycle multiplier 3;
(iii) the 4-cycle (29,47) — (47,77) — (77,125) — (125,203), with cycle multiplier 7.

Accordingly, a sequence whose states reach one of these cycles eventually satisfies C(n + 1) =
2C(n), C(n+2) =3C(n) or C(n + 4) = 7C(n), respectively.

Proof. By Theorem 7 and Lemmas 8 and 9, only q € {1,2,4} remain, with the candidates (1,2),
(3,5) and (29,47). Each is a single-amplification cycle:

 R(1,2) = (1,2), with step multiplier gcd(2,2) = 2.
e From (3,5) the step multipliers are gcd(5,4) = 1 and gcd(9,6) = 3.
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«  From (29,47) they are gcd(47,30) = gcd(77,48) = gcd(125,78) = 1 and
gcd(203,126) = 7, and (203,329)/7 = (29,47).

The final statement is Lemma 3(b). =

Table 1 records the invariants of the three cycles. All have D = 1.

Table 1. The three single-amplification cycles of Theorem 10, with their normalized states
(a, B) and shifted states (u,v) = (a + 1,8 + 1). In each case N(u,v) = —(g — 1)2.

2 3=1, (3.5) (4,6) = 2 (Fs, Fy) 1 )
4 7=1, (29,47) (30,48) = 6 (Fs, F,) 1 36

Corollary 11. (a) The fixed point (1,2) is the only cycle of period 1, and (3,5) = (5,9) is the
only single-amplification cycle of period 2.

(b) Every cycle of period at most 2, with any number of amplifications, is one of these two.

(c) [3, Corollary 5] states that (1,2) and (3,5) < (5,9) are the only coprime periodic orbits. By
(b) this holds for periods q < 2; by Theorem 10(iii) it fails in general.

Proof. (a) A non-amplifying step never fixes a state, so every cycle of period 1 is single-
amplification; now apply Theorem 10.

(b) A cycle of period 2 needs at least one amplification, since otherwise the second coordinate
increases. Suppose both steps amplify, with multipliers g4, g, = 2, and put P = g, g,. Returning
to (a, B) requires « + § + 1 = Pa and /g, + g, + 1 = g,f3. The first relation gives f =

(P — 1)a — 1. Substituting this into the second relation, multiplied by g;, gives
a(P2—3P+1)=P—-1+4g,<3/2P—1.

Hence (2P —1)(P —4) < 0,s0 P =4, a = 1 and B = 2. This is the fixed point traversed
twice.

(c) is immediate. m
Parts (a) and (b) give a purely algebraic proof of [3, Theorems 6 and 8]; the original argument
for Theorem 8 relies in part on computation [17]. The correction notice to [3] now restricts [3,
Corollary 5] to periods 1 and 2, in agreement with (c).
Boundary cases. Theorem 10 and Lemma 3(b) recover the known regimes.
*  Seeds (1,1): the state at index 4 is (3,5), so C(n + 2) = 3C(n) for n = 3. This is the
closed form of A083658 [1].

e Seeds (1,p) with p even: the state at index 4 is (1,2),s0 C(n + 1) = 2C(n) forn = 3
[2, Theorem 1].
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*  Seeds (1, p) with p odd and prime to 3: the state at index 6 is (3,5),s0o C(n + 2) =
3C(n) forn =5 [2, Theorems 2 and 3].

These statements agree with the values tabulated in [2, Table 3] for p € {1,2,5,7,10} and in [3,
Table 2] for odd p < 49 prime to 3 (with the column labels corrected below), and we checked
them directly for all p < 49.

Proposition 12. For p € {9,15,27}, the sequence C,, with seeds (1,p) satisfies

Cpy(ny +4k+7)=7%d, ¢, (k=0,r=0,123),

where (co, ¢1,¢2,¢3) = (29,47,77,125) and (n,, d,) = (25,3°), (6,3) and (14, 3%),
respectively. In particular, C,(n + 4) = 7 C,(n) for all n = ny,, and n,, is the least index with
this property.

Proof. Computing C,(1), ..., C, (np + 1) from the recurrence gives dp 41 = dp and 0y, 11 =

(29,47). The next states follow the 4-cycle with constant scale until its amplifying step.
Theorem 10(iii) and Lemma 3(b) give the rest. Minimality is checked directly atn, — 1. m

For example, Cy5(1), ...,C;5(7) are 1, 15, 17, 33, 51, 87 and 141, and gcd(87,141) = 3 gives
0-7 = (29,47) Wlth d7 = 3.

In [2, Section 4.3] these seeds were described as showing non-geometric transients through n =
30; the correction notice to [2] now records the lock-in of Proposition 12. The earlier description
has a simple cause: the growth is exactly geometric with period four, so the one-step ratios

C,(n + 1)/C,(n) cycle through four values instead of settling, while the four-step ratio is
exactly 7 (Figure 1).

The other odd multiples of 3 below 50 behave as follows: p = 3 and p = 21 reach (3,5); p = 33
and p = 39 reach (29,47); and p = 45 shows no repeated state within 1,200 steps. The seed
(1,87) reaches the period-22 cycle described below.

For the record, the recurrence gives C,,(9) = 567 and C,,(10) = 945, and C,,(7), ..., C,7(10)
equal 237, 387, 627 and 1017. These values correct [2, Table 4], and the columns of [3, Table 2]
labelled C(5) and C(6) list C(6) and C (7). Both corrections are recorded in the correction
notices to [2] and [3], and no theorem of either paper is affected.

How common is the new cycle? We took all 8,771 coprime seeds (a,b) with 1 < a,b < 120
(box 120), iterated R for at most 1,200 steps, and recorded the cycle reached, detected as a
repeated state. We repeated the census for the 24,463 coprime seeds with 1 < a, b < 200 (box
200). Table 2 gives both distributions in full; the archived code [18] reproduces them. The 4-
cycle attracts about as many seeds as the 2-cycle in box 120 and the most seeds in box 200.
Together, the three single-amplification cycles attract 7,291 seeds (83.1%) in box 120 and
19,114 seeds (78.1%) in box 200. Besides the period-22 cycle described below, one further cycle
appears, of period 65, reached by two seeds of box 200. The counts are unchanged in both boxes
when the step limit is doubled to 2,400. The shares do depend on the box: in the larger box the
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fixed point and the 2-cycle lose ground, and the share of seeds with no detected cycle rises from
10.0% to 13.4%.

p=9: Cp(n+4)=TC,(n) forall n>25
7.1

7.0 4

6.9 A

71 p=15 C,(n+4)=7C,(n)foralln>6

Rl e o o e o o o o o o o B B o B e B o e o e e |

Co(n+4)/Cy(n)

6.9 1

p=2T7: C,(n+4)=T7C,(n)foralln> 14
7.1

7.0 1 MM
6.9

Figure 1. Four-step ratio C,(n + 4)/C,(n) for the seeds (1, p) with p = 9,15,27. Hollow
markers precede the lock-in index n,, (dotted line); from n,, on the ratio is exactly 7 (Proposition
12). For 6 < n < n, the ratio equals 7 only at isolated indices (p = 9:n =8andn = 23;p =
27: n = 12), which are the hollow markers at 7.0.

Table 2. Limit behaviour of the coprime seeds (a, b) in box 120 (1 < a,b < 120) and box 200
(1 < a,b < 200), after at most 1,200 steps of R.

Limit behaviour

\ Box 120: seeds

Box 200: seeds

Fixed point (1,2): X 2 per step 912 10.4% | 1,810 7.4%

2-cycle (3,5): X 3 per two steps 3,226 36.8% | 7,918 32.4%
4-cycle (29,47): X 7 per four steps 3,153 35.9% [9,386 38.4%
Period-22 cycle through (97,157) 607 6.9% |2,071 8.5%

Period-65 cycle through (4003,6477) 0 0.0% |2 <0.1%
No repeated state within 1,200 steps 873 10.0% | 3,276 13.4%
Total 8,771 100% | 24,463 100%

The seeds with no detected cycle do not stay small. For the 873 such seeds of box 120, the
cofactor 8 of the state has between 27 and 253 digits (median 102) after 1,200 steps, and
between 39 and 504 digits (median 353) after 2,400 steps; for the seed (1,45) it grows from 40
to 211 digits. These orbits keep growing over the range computed, although no seed is proved to
diverge.

Hawarey, M., Exact 3 Single-Amplification Cycles in GCD-Aug. Fibonacci Rec. 10.65737/AIRMCS2026962 11



Hypothesis S1 cannot be dropped. The seed (1,87) reaches a cycle of period 22 through the state
(97,157). This cycle has six amplifications, with step multipliers 3,3,3,3,33 and 15, so its cycle
multiplier is 40,095 = 3¢ - 5. 11. The seeds (3,187) and (187,191) reach a second such cycle,
of period 65 through the state (4003,6477), with 19 amplifications and cycle multiplier 31> -
53.7%2.19 .23 = 38,406,643,198,875. These are further coprime periodic orbits, so Theorem
10 does not classify all cycles.

6. Discussion

The three cycle multipliers 2 = L; + 1,3 = L, and 7 = L, come from a single mechanism.
Between amplifications the shifted cofactors evolve by the Fibonacci matrix. A single-
amplification cycle closes only if the norm of its shifted state equals —(g — 1)?/D with D > 0
dividing (g — 1)2. For even periods this forces D = 1 and leaves only the Lucas multipliers; ged
identities for Fibonacci and Lucas numbers then exclude all periods except 1, 2 and 4. The
arithmetic of the golden field, which [3] detected through the Pell equation x? — 5y? = 4,
reappears here as the Fibonacci norm form.

Several amplifications. The linearization of Section 3 does not depend on the number of
amplifications. Every cycle contains an amplification, because [ increases along non-amplifying
steps. Composing the affine steps around a cycle extends Lemma 3(a) and Lemma 6 as follows.

Proposition 13. Let (@, B) be a state of a cycle of period q that immediately follows an
amplification, and let the cycle have k > 1 amplifications. Counted from (a, ), let the i-th
amplification be the last step of a segment of q; = 1 steps and have step multiplier g; = 2, so
that @, + -+ qx = q. PutG = g1 g, Si = Qip1 + -+ qeandu = (a + 1,5 + 1)". Then

k
(GI —QDu = Z g1 9gi-1 (@i — 1 (Fsi+1' Fsi+2)T-
i=1

Consequently, each pattern (qq, ..., qx; 91, -, i) belongs to at most one cycle, and G > @1,
equivalently, G = Lq if q is even and G = Lq + 1 if q is odd.

Proof. A step from (a, f) with step multiplier g gives (8/g, (@ + f + 1)/g), whose shifted
formis(B+D+g—1 (a+ D+ B+ +g—1)/g = (Qu+ (g —1)1)/g. A segment
of g; steps whose last step alone amplifies therefore maps u to (Q%u + (g; — 1)1)/g;.
Composing the k segments and multiplying by G gives Gu = Q9u + ),; g1 --* gi—1(g; — 1) Q%i1,
and Q%1 = (F,,, Fs42)". Since det(GI — Q%) = Dy (G) # 0 (Proposition 4), u is determined by
the pattern. The row vector w = (1, ) satisfies wQ = ¢ w, so multiplying the cycle equation by
w gives (G — ¢7) wu = wc, where c is the right-hand side. Both wu and wec are positive, so

G > ¢9. Finally, ¢ = L, — 9, where 0 < )7 < 1 foreven q and —1 < 7 < 0 forodd q. m

For k = 1 the right-hand side is (g — 1)1, which gives Lemma 3(a), and the bound is Lemma 6.
For the cycles of periods 22 and 65 in Section 5, G /@2 ~ 1.012 and 1.0005: the cycle multiplier
must exceed, and here barely exceeds, the growth factor ¢? of the Fibonacci steps. This mirrors
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the cycle equations of the 3x + 1 map [8, 10], where the power of 2 removed along a positive
cycle must exceed the power of 3 introduced.

What Proposition 13 does not provide is the divisibility behind Theorem 7. For k = 1 the right-
hand side is a multiple of 1, which fixes the norm of u (Lemma 5) and forces D = 1 or D = L,.
For k > 2 the norm is not fixed, and D need not be small: D = 19,726,741 for the period-22
cycle. Each pattern carries at most one cycle, but the patterns are not bounded in advance, so
classifying even the cycles with two amplifications needs a new bound; this is the analogue of
the m-cycle problem [10].

The limitations follow the scope labels.

*  (S1) Cycles with several amplifications exist, as the cycles of periods 22 and 65 in
Section 5 show. Proposition 13 reduces each amplification pattern to one linear system,
but the classification of these cycles is open.

*  (S2) GCD-augmented recurrences of higher order are not treated. The reduction itself
carries over. For the Tribonacci analogue C(n) =C(n—1)+C(n—-2)+C(n—3) +
gcd(C n—-1),C(n—-2),C(n— 3)), dividing consecutive triples by their gcd gives a
map on coprime triples (a, 8,y) with step multiplier gcd(B,y, @ + 1), and the shift x —
2x + 1 makes every step affine in the Tribonacci matrix. Proposition 13 and its proof
then carry over, with the Tribonacci matrix Q3 and the Tribonacci constant in place of Q
and ¢, and with Q;il in place of (F5i+1, Fsi+2)T. Proposition 4 is not needed there: G is
not an eigenvalue of Qg , since the eigenvalues are 9, which is irrational for the
Tribonacci constant 7, and two numbers of modulus less than 1; and Q5 has a positive left
eigenvector by the Perron—Frobenius theorem. For example, (1,2,4) is a fixed point with
step multiplier 2. What does not carry over is the quadratic norm form of Lemma 5, on
which Theorem 7 rests.

*  (S3) We characterize periodic behaviour only. In Table 2, 10.0% of the seeds of box 120
and 13.4% of those of box 200 show no repeated state within 1,200 steps, so the share
grows with the box; these orbits keep growing over the steps computed (Section 5).

Whether every seed eventually reaches a cycle is open. The question resembles convergence
problems for Collatz-type maps [7] and for other nonlinear integer recurrences [4—6].

For the anomalous class of [2] (odd p divisible by 3), Proposition 12 and the examples after it
show that seeds split among the 2-cycle, the 4-cycle, the period-22 cycle and seeds with no
detected cycle. This sharpens Open Problem 1 of [2].

7. Conclusions

Exactly three cycles of the gcd-augmented Fibonacci cofactor map have a single amplification
per period: (1,2), (3,5) = (5,9), and the new 4-cycle (29,47) — (47,77) — (77,125) —
(125,203). Their cycle multipliers are 2, 3 and 7. The 4-cycle corrects [3, Corollary 5], explains
the anomalous seeds 9, 15 and 27 of [2], and attracts about as many seeds as the classical 2-cycle
in the smaller census and more in the larger one. For any number of amplifications, the same
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linearization gives a cycle equation and the bound G > ¢4 (Proposition 13). Two questions
remain open: the classification of multi-amplification cycles, which is the analogue of the m-
cycle problem for the 3x + 1 map, and whether every seed reaches a cycle.
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  n = q − 2


    B 2 − A B −   A 2 = −   g 2 +   L  q   g −  (   F  q − 1 2 −   F  q − 1   F  q − 2 −   F  q − 2 2 ) = − D .


  N  (   u ∗ ,   v ∗ ) =    ( g − 1 ) 2  (   B 2 − A B −   A 2 ) /   D 2 = −    ( g − 1 ) 2 / D
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  D > 0


  g ≥   L  q


  q


  g ≥   L  q + 1


  q


    v ∗ −   u ∗ =  ( g − 1 )   F  q / D


    v ∗ >   u ∗


  D > 0


  q


    L  q ≥ 3


  D = g  ( g −   L  q ) + 1


  2 ≤ g ≤   L  q − 1


  g  (   L  q − g ) ≥   L  q − 1


  D ≤ 2 −   L  q < 0


  g ≥   L  q


  D ≥ 1


  q


  D = g  ( g −   L  q ) − 1


  − 1


  g ≤   L  q


    L  q


  g ≥   L  q + 1


   ( 𝛼 , 𝛽 )


  q


  g


  q


  g =   L  q


   ( 𝛼 + 1 , 𝛽 + 1 ) =  (   L  q − 1 )    (   F  q + 1 ,   F  q + 2 )


  q


  g =   L  q + 1


   ( 𝛼 , 𝛽 ) =  (   F  q + 1 ,   F  q + 2 )


  𝛽 > 𝛼


   ( 𝛼 + 1 , 𝛽 + 1 ) =   𝐮 ∗


  D ∣    ( g − 1 ) 2


  D > 0


  𝜀 =    ( − 1 )  q


  g =   L  q + t


  t ≥ 0


  q


  t ≥ 1


  q


  D = t g + 𝜀


  t  ( g − 1 ) ≡ −  ( t + 𝜀 )   ( mod   D )


  D ∣    ( g − 1 ) 2


  D ∣    ( t + 𝜀 ) 2
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  t ≥ 1
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    L  q ≤ 2


  t = 0


  g =   L  q


  D = 1
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  t ≥ 2
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  t   L  q ≤ 2 − 2 t < 0


  t = 1
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    u ∗ =   F  q + 1 + 1
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   ( 3 , 5 )
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   ( 29 , 47 )
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   ( 1563 , 2529 )
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  q = 2 m
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  gcd  ( 𝛼 , 𝛽 )


    L  m
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  b = 2 m


    L  2 m   F  2 m + 1 =   F  4 m + 1 + 1


    L  2 m   F  2 m + 2 =   F  4 m + 2 + 1


  𝛼 =   F  4 m + 1 −   F  2 m + 1 ,     𝛽 =   F  4 m + 2 −   F  2 m + 2 .


  s = 1 , 2
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  q = 8
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  q ≥ 3
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  q ≥ 3
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  gcd  (   F  q + 3 + 1 ,   F  q + 4 + 2 ) = gcd  (   F  q + 3 + 1 ,   F  q + 2 + 1 )


  w = q + 2


    F  4 k + 1 + 1 =   F  2 k + 1   L  2 k ,       F  4 k + 2 + 1 =   F  2 k + 2   L  2 k ,


    F  4 k + 3 + 1 =   F  2 k + 1   L  2 k + 2 ,       F  4 k + 4 + 1 =   F  2 k + 1   L  2 k + 3 .


    F  4 k + 3 + 1 =   F  2 k + 1   L  2 k + 2 ,       F  4 k + 4 + 1 =   F  2 k + 1   L  2 k + 3 .
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  k ≥ 1


  q ≥ 3
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  R
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   ( 3 , 5 ) →  ( 5 , 9 )
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  gcd  ( 9 , 6 ) = 3


   ( 29 , 47 )


  gcd  ( 47 , 30 ) = gcd  ( 77 , 48 ) = gcd  ( 125 , 78 ) = 1
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  3 =   L 2


   ( 3 , 5 )


   ( 4 , 6 ) = 2    (   F 3 ,   F 4 )


  − 4


  7 =   L 4
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   ( 𝛼 , 𝛽 )
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   (   n  p ,   d  p ) =  ( 25 ,  3 9 )


   ( 6 , 3 )
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  n ≥   n  p


    n  p
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    d    n  p + 1 =   d  p
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  n = 30
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  p = 3


  p = 21


   ( 3 , 5 )
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  p = 45


   ( 1 , 87 )


    C 21  ( 9 ) = 567
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  1 ≤ a , b ≤ 120
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  1 ≤ a , b ≤ 200
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  × 2
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   ( 1 , 45 )


   ( 1 , 87 )
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  40 , 095 =  3 6 ⋅ 5 ⋅ 11


   ( 3 , 187 )


   ( 187 , 191 )


   ( 4003 , 6477 )


   3 15 ⋅  5 3 ⋅  7 2 ⋅ 19 ⋅ 23 = 38 , 406 , 643 , 198 , 875


  2 =   L 1 + 1


  3 =   L 2


  7 =   L 4


  −    ( g − 1 ) 2 / D


  D > 0


     ( g − 1 ) 2


  D = 1


    x 2 − 5   y 2 = 4


  𝛽


   ( 𝛼 , 𝛽 )


  q


  k ≥ 1


   ( 𝛼 , 𝛽 )


  i


    q  i ≥ 1


    g  i ≥ 2


    q 1 + … +   q  k = q


  G =   g 1 ⋯   g  k


    s  i =   q  i + 1 + … +   q  k


  𝐮 =    ( 𝛼 + 1 , 𝛽 + 1 )  𝖳


   ( G I −   Q  q )   𝐮 =   ∑  i = 1  k    g 1 ⋯   g  i − 1    (   g  i − 1 )   (   F    s  i + 1 ,     F    s  i + 2  )  𝖳 .


   (   q 1 , … ,   q  k ;     g 1 , … ,   g  k )


  G >   𝜑  q


  G ≥   L  q


  q
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  q
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  g
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  𝐮
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  𝐰 Q = 𝜑   𝐰


  𝐰
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  𝐜
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   ( 𝛼 , 𝛽 , 𝛾 )
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