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EXECUTIVE SUMMARY
Overall Score: 89/100

Editorial Decision: Minor Revisions

Decision Rationale: This is a strong mathematics paper that resolves an explicit open
problem with an elegant and original algebraic framework. The proofs are rigorous, the
exposition is exceptionally clear, and the connections to classical number theory are
genuinely insightful. Minor revisions are needed to broaden the literature context,
strengthen one partially computational proof, and provide supplementary verification
materials.

Primary Strengths: - Exceptional mathematical precision — every object formally defined,
notation perfectly consistent throughout - Flawless deductive architecture from cofactor
factorization through Pell reduction to unified classification - High originality — cofactor
decomposition framework, Pell equation connection, and dual role of discriminant 5 are
genuinely novel contributions

Primary Concerns: - Thin bibliography (5 sources) with no engagement of broader
dynamical systems or Pell equation literature (Section 1) - Theorem 8 uniqueness proof
partially relies on finite computation rather than full algebraic proof (Section 4.3) - No
supplementary verification code provided

Timeline for Resubmission: 1-2 weeks (if Al-assisted); 2-4 weeks otherwise

COMPREHENSIVE EVALUATION RESULTS

Citation Integrity Verification (Step 1)

Status: PASS

Verification Level: 100% — Every citation checked

Citation Statistics: - Total bibliography entries: 5 - Bibliography entries cited in text: 5
(100%) - In-text citations with bibliography entries: 5 (100%)

Issues Identified:

Uncited Bibliography Entries (Padding): - Count: 0 (0%) - Severity: None

Missing Bibliography Entries: - Count: 0 - Severity: None
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Additional Citation Issues: - Formatting consistency: Excellent — APA format throughout
- Self-citation rate: 20% (1 of 5) — High but justified by companion paper structure; the
self-cited work provides all foundational definitions and results that this paper builds upon
- Figure/table attribution: Complete — all figures and tables are original - Data source
citations: Complete — OEIS A083658 properly cited (Hanna, 2003)

Required Citation Corrections: None

Citation Integrity Conclusion: Perfect citation integrity. All bibliography entries are cited
in the paper text and all in-text citations have corresponding bibliography entries. The
bibliography is lean and purposeful — every entry is actively used.

Plagiarism Content Assessment (Step 2)

Status: PASS

Tool Used: Premium Professional Service

Similarity Scores: - Raw similarity score: 3% - Adjusted similarity score (after removing
legitimate matches): ~0% - Assessment: Green (0-14%)

Analysis:

All 8 matches identified were classified as benign: - 3 matches: legitimate self-citation of
the properly cited companion paper (Hawarey, 2026), limited to Introduction context-
setting - 5 matches: false positives (Creative Commons boilerplate, conflict-of-interest
statement, bibliographic reference entries)

Self-Plagiarism Check: - Author’s prior work matched: Yes — companion paper Hawarey
(2026) - Overlap: Limited to Introduction recap of companion paper results - Properly
disclosed: Yes — explicit companion paper relationship stated - Properly self-cited: Yes —
cited throughout - Assessment: Acceptable

Required Corrections: None

Plagiarism Conclusion: No plagiarism detected. The paper demonstrates excellent
academic integrity with fully original mathematical content.

Quality Evaluation Results (Step 3)

Overall Quality Score: 89/100

Score Breakdown by Category:

CATEGORY A: CONCEPTUAL FOUNDATION

Score: 25/30

Evaluation:

The paper addresses a clearly stated open problem from a published companion paper
(Open Problem 4 from Hawarey, 2026), asking whether the identities driving geometric
stabilization in GCD-augmented Fibonacci recurrences arise from deeper algebraic
structure. The problem statement is precise, traceable, and mathematically meaningful. The
resolution — connecting the recurrence to Pell equations and the Fibonacci field Q(v/5) —
elevates the significance beyond the original question, revealing unexpected structural
depth.

The mathematical exposition is exemplary. Every key concept is formally defined before
use: the cofactor factorization (Theorem 5), the cofactor map (Definition 3), the coprime
cofactor reduction (Lemma 4), and the amplification event mechanism. Notation is
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perfectly consistent throughout the paper, and terminology (cofactor pair, scale factor,
geometric lock-in) is introduced naturally and used without ambiguity.

The literature engagement, while clean and purposeful, is the weakest aspect of the
conceptual foundation. All 5 cited sources are substantively engaged, but the paper uses
dynamical systems language extensively (cofactor map, periodic orbits, phase transitions,
attractors) without citing any dynamical systems literature. The Pell equation literature
beyond Koshy (2001) is not engaged. The Leonardo numbers literature is limited to one
reference. “Lucas polynomials” are mentioned in the Introduction without citation.

Key Strengths: - Crystal-clear open problem statement with explicit reference to published
source - Exemplary mathematical precision — a model for formal exposition

Areas for Improvement: - Add 3-5 references to broader literature: Pell equations,
discrete dynamical systems, Leonardo numbers (Section 1) - Cite Lucas polynomials when
mentioned in the Introduction

CATEGORY B: METHODOLOGICAL RIGOR

Score: 27/30

Evaluation:

The methodological approach — algebraic proof via cofactor factorization, Diophantine
analysis, and modular arithmetic — is perfectly aligned with the research questions. The
reduction of the period-2 orbit condition to the classical Pell equation x* - 5y* = 4 is an
elegant and natural methodological choice that connects the problem to well-understood
classical machinery. The computational verification (seeds p = 1 through 49, Table 2)
appropriately supplements the theoretical results.

The mathematical execution is near-flawless. All proofs were verified: Theorems 5-10,
Propositions 2-3, Lemmas 4, 7, and 8. The Pell equation derivation (Theorem 7) is
algebraically correct, the modular analysis of Lucas numbers mod 5 (Theorem 8) is correct,
and the step-by-step cofactor evolution in Theorem 9 is verified through all four transient
steps. One minor gap: Theorem 9 Step 3 asserts “gcd(2p+3, p+2) = 1 as before” without
showing the intermediate calculation gcd(2p+3, p+2) = gcd(p+1, p+2) = 1.

The paper’s one methodological limitation is that the uniqueness proof for the (3,5)
attractor (Theorem 8) relies on exhaustive computational verification for Pell solutions up
to n =99, supplemented by a growth argument, rather than a complete algebraic proof. The
author honestly acknowledges this in Section 6.4 and notes that a fully algebraic proof via
rank of apparition would be preferable.

All proof steps are shown explicitly — there are no “it can be shown that” shortcuts. Tables
1 and 2 provide complete data for independent verification. However, no supplementary
code is provided, which would enhance reproducibility for the computational components.
Key Strengths: - Elegant Pell equation reduction — methodologically innovative - All
proofs explicit and self-contained with comprehensive verification tables

Areas for Improvement: - Strengthen Theorem 8 uniqueness argument: extend
computational range or provide formal growth bounds (Section 4.3) - Add explicit
intermediate step for gcd(2p+3, p+2) in Theorem 9 Step 3 (Section 5.1) - Provide
supplementary verification code (Python/SageMath) as supplementary material
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CATEGORY C: EVIDENCE & REASONING

Score: 19/20

Evaluation:

The evidentiary support is comprehensive. The paper provides 6 theorems with complete
proofs, 3 propositions/lemmas with proofs, 2 corollaries, 2 data tables, and 3 illustrative
figures. Every major claim is proven. The unified classification (Theorem 10) covers all
three behavioral regimes. The Pell reduction (Theorem 7) and uniqueness result (Theorem
8) — the paper’s central results — both receive careful, detailed treatment.

The logical architecture is flawless. The argument builds as a tight deductive chain: cofactor
factorization (Theorem 5) decomposes the recurrence, the cofactor map (Definition 3)
captures the dynamics, period analysis identifies the attractors, the Pell reduction connects
to classical number theory, uniqueness eliminates all candidates but (3,5), transient
analysis shows how lock-in occurs, and the unified classification ties everything together.
Each step follows necessarily from the previous. The Discussion (Section 6) draws only
conclusions supported by the proved results, and the open problems are carefully
distinguished from established results.

Key Strengths: - Complete proofs for every theorem — no gaps in the logical chain -
Impeccable deductive structure from first principles to unified classification

Areas for Improvement: - Extend Theorem 8 verification range or provide stronger
growth bounds for complete closure

CATEGORY D: TRANSPARENCY AND INTEGRITY

Score: 9/10

Evaluation:

The paper demonstrates strong transparency. Section 6.4 (Limitations) explicitly
acknowledges that the Theorem 8 uniqueness proof relies partially on computation, that
the anomalous regime (Regime III) is incompletely characterized, that computational
verification extends only to p = 49 and n = 23, and that a fully algebraic proof would be
preferable. This is honest, specific, and self-aware.

All mathematical assumptions are stated explicitly throughout: positive integer domain,
coprimality conditions in every theorem requiring them (e.g., “gcd(a,) = 1” in Definition 3,
“a,b 2 2” in Theorem 7), the seed structure (1,p) in Theorems 9-10, and the companion
paper’s definitions recalled where needed. There are no hidden assumptions.

Key Strengths: - Honest, specific limitations section acknowledging the most significant
gaps - Perfect assumption transparency — every condition stated explicitly

Areas for Improvement: - Briefly acknowledge that the cofactor framework’s applicability
beyond GCD-Fibonacci recurrences remains untested (Section 6.4)

CATEGORY E: CONTRIBUTION AND IMPACT

Score: 9/10

Evaluation:

The paper makes several genuinely original contributions. The cofactor factorization
framework (Theorem 5 and Definition 3) provides a new algebraic decomposition for GCD-
augmented recurrences that separates scale dynamics from cofactor dynamics — this
appears to be entirely novel. The reduction to the Pell equation x* - 5y* = 4 (Theorem 7) is
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an unexpected connection that was not anticipated in the companion paper. The
observation that discriminant 5 plays a dual role — producing the irrational golden ratio in
classical Fibonacci theory and the rational geometric ratio 3 in GCD-Fibonacci theory
through different representations of Q(v5) — is a genuine mathematical insight. The
identification of cofactor attractor pairs as consecutive Leonardo numbers (Section 2.4) is
new, and the unified three-regime classification via cofactor dynamics (Theorem 10)
provides an elegant structural framework.

The paper resolves an explicit published open problem and opens three well-formulated
new research directions (anomalous regime characterization, tropical interpretation,
higher-period orbits). The impact within its niche is substantial. Broader impact will
depend on whether the cofactor framework generalizes to other nonlinear recurrences —
an exciting possibility that is suggested but not yet demonstrated.

Key Strengths: - Five distinct novel contributions, including the unexpected Pell equation
connection - Resolves a published open problem and opens well-defined new directions
Areas for Improvement: - Briefly sketch how cofactor dynamics might apply to one other
nonlinear recurrence to demonstrate potential generalizability (Section 6.5)

Summary of Score Breakdown by Cate

Contribution and Impact

ory:

Maximum

EDITORIAL DECISION
Decision: MINOR REVISIONS

Score Band: 89/100

Decision Thresholds

Approval
80-89 — This paper

Major Revisions (Uncertain
Reject (May Resubmit,

Factors Considered in Decision: - Overall quality score: 89/100 - Citation integrity status:
PASS (no impact) - Plagiarism assessment: PASS (no impact) - Pattern: consistently strong
across all categories with one moderate gap (literature breadth) - Feasibility: all required
changes are additive and straightforward - Significance: original framework with genuine
insight and clear contribution

Detailed Justification

This paper scores 89/100 — one point below the Accept threshold. The mathematical content
is outstanding. The cofactor dynamics framework and Pell equation reduction represent
genuine advances in the understanding of GCD-augmented recurrences.
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The revisions needed are minor and specific: broadening the literature to include
dynamical systems and Pell equation references, strengthening the Theorem 8 uniqueness
argument, and providing supplementary verification code. These are additive
improvements that do not require reconceptualization of any part of the paper. The core
contributions — all theorems, proofs, and the conceptual framework — are strong and will
remain unchanged.

Both integrity checks passed without any issues. Citation integrity is perfect and plagiarism
assessment found zero problematic similarity. This provides high confidence that the
quality score accurately reflects the paper’s scholarly merit.

Integration of All Evaluation Steps: Step 1 (citation integrity) confirmed perfect
bibliography practices. Step 2 (plagiarism) confirmed fully original content. Step 3 (quality
evaluation) identified consistently strong performance across all categories with minor
improvements needed in literature breadth and proof completeness. Together, these three
evaluation steps support a Minor Revisions decision with very high confidence in
acceptance after revision.

REVISION REQUIREMENTS

Critical Issues (Must Address for Acceptance)
Priority 1 — Essential:
1. Broaden Literature Engagement

- Current Problem: Bibliography contains 5 sources with no references to
dynamical systems or Pell equation literature beyond Koshy (2001), despite
extensive use of dynamical systems concepts. “Lucas polynomials”
mentioned in Section 1 without citation.

- Required Fix: Add 3-5 references covering: (a) Pell equation theory (e.g.,
Jacobson & Williams, or Lenstra’s work), (b) discrete dynamical systems /
iterated maps, (c) Leonardo numbers beyond Catarino & Borges (2019). Cite
Lucas polynomials.

- Success Criterion: Bibliography engages with at least one source in each of
the three areas listed, and all mentioned concepts are properly cited.

- Importance: Situates the cofactor dynamics framework within established
mathematical traditions and strengthens the theoretical grounding.

2. Strengthen Theorem 8 Uniqueness Argument

- Current Problem: Section 4.3 — uniqueness of the (3,5) attractor relies on
exhaustive verification for Pell solutions up to n = 99 plus a growth heuristic,
rather than a complete algebraic proof.

- Required Fix: Either (a) extend computational verification substantially
(e.g., n <500), (b) provide a formal proof using rank of apparition or
divisibility properties of Fibonacci/Lucas numbers, or (c) at minimum,
provide explicit growth bounds showing gcd(a,b) = o forn = 5.

- Success Criterion: The gap between finite verification and the general claim
is either closed or substantially narrowed with rigorous bounds.

- Importance: This is a central result; strengthening it increases the paper’s
mathematical completeness.
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Important Issues (Strongly Recommended)
Priority 2 — Significantly Improve Paper:
1. Provide Supplementary Verification Code
-  Current State: Computational verification (Tables 1-2, Theorem 8
exhaustive check) has no accompanying code.
- Recommended Improvement: Provide a short Python or SageMath script
as supplementary material or a public repository link.
-  Expected Benefit: Enables independent verification and enhances
reproducibility.
2. Add Explicit GCD Step in Theorem 9
- Current State: Section 5.1, Step 3 asserts “gcd(2p+3, p+2) = 1 as before”
without showing the intermediate calculation.
- Recommended Improvement: Add one line: gcd(2p+3, p+2) = gcd(p+1,
p+2)=1.
-  Expected Benefit: Closes a minor gap in an otherwise complete proof.
Minor Issues (Suggested for Polish)
Priority 3 — Enhancement:
1. Section 6.4: Acknowledge that the cofactor framework’s applicability beyond GCD-
Fibonacci recurrences is untested
2. Section 6.5: Provide a brief sketch of how cofactor dynamics might apply to one
other nonlinear recurrence
3. Section 1: Add 1-2 sentences connecting the work to broader areas (tropical
geometry, dynamical systems)
Revision Timeline and Expectations
Timeline: 1-2 weeks (if Al-assisted); 2-4 weeks otherwise Scope: Small, focused
improvements to address specific issues Re-review: Rapid review of revised sections only
Acceptance Probability: 95%-+ if all feedback addressed Guidance: Changes are
straightforward and additive; the paper’s core contributions are strong and will not need
modification.

COMPREHENSIVE FEEDBACK FOR AUTHORS

What This Paper Does Well

This is an impressive piece of mathematical work. The cofactor factorization framework is
an elegant algebraic decomposition that cleanly separates the scale dynamics from the
cofactor dynamics of GCD-augmented Fibonacci recurrences. This is a genuinely new tool,
and its application yields results that were not anticipated — most notably the reduction of
the period-2 orbit existence condition to the classical Pell equation x* - 5y = 4.

The mathematical exposition sets a high standard. Every definition is precise, every proof is
complete and explicit, and the paper’s logical structure mirrors its deductive structure
perfectly. The progression from cofactor factorization through Pell reduction to unified
classification is aesthetically satisfying and mathematically rigorous. The insight that
discriminant 5 plays a dual role — yielding the irrational golden ratio in classical Fibonacci
theory and the rational geometric ratio 3 in GCD-Fibonacci theory — is the kind of
structural observation that deepens understanding of a mathematical domain.
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The paper’s integrity is exemplary. Citation practices are perfect, the companion paper
relationship is clearly disclosed, and the limitations section is honest and specific about the
work’s boundaries. The Acknowledgements section properly discloses Al tool usage.
Priority Improvements Needed

Highest Priority: The bibliography needs broadening. While all 5 current sources are well-
chosen and substantively engaged, the paper operates in the conceptual territory of
dynamical systems (periodic orbits, attractors, phase transitions) and Pell equations
without grounding itself in those literatures. Adding a small number of well-chosen
references would strengthen the paper’s positioning and make it more accessible to
readers coming from those fields.

Secondary Priority: The Theorem 8 uniqueness argument should be strengthened. As you
note in Section 6.4, the reliance on finite computation (n < 99) leaves a gap. Even extending
the verification range substantially (e.g., to n < 500) or providing explicit asymptotic
bounds on gcd(a,b) would significantly strengthen this central result.

Additional Considerations: Providing supplementary verification code would be a
valuable addition for a paper that includes computational verification. Even a short
SageMath script would enable readers to independently confirm Tables 1-2 and the
Theorem 8 exhaustive check. The minor proof gap in Theorem 9 Step 3 (the elided GCD
calculation) is easy to close with one additional line.

Guidance for Revision Process

We recommend addressing the Priority 1 items first (literature and Theorem 8), as these
are the required changes. The literature additions should be straightforward — a brief
survey of relevant Pell equation, dynamical systems, and Leonardo number references will
suffice. For Theorem 8, the most efficient path is likely extending the computational
verification range significantly and tightening the growth argument, unless a clean
algebraic proof via rank of apparition is readily available.

The Priority 2 and 3 items are recommended improvements that will strengthen the paper
but are not individually required for acceptance. We encourage addressing them as time
permits, particularly the supplementary code.

When resubmitting, a brief point-by-point response document explaining how each item
was addressed will facilitate rapid re-review.

RESUBMISSION PROCESS

When resubmitting your revised manuscript, please provide:

1. Revised Manuscript (DOCX format) with updated version number - All changes
clearly incorporated - Line numbers enabled - Following AIR formatting guidelines

2. Cover Letter - Brief summary of changes made - Any significant decisions or departures
from feedback

3. Point-by-Point Response Document For each point raised in this evaluation: - List the
specific issue/suggestion - Your response explaining how you addressed it - Changes made
with specific page/line numbers in revised manuscript - If suggestion not followed, clear
explanation why

4. Submission Details - Send as Reply to the same email address - Subject line:
RESUBMISSION - AIR-2026-000571 - Include all three documents listed above as DOCX
files
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5. Resubmission Fees: - First resubmission within 7 days: FREE - After 7 days or 2nd+
resubmissions: $10 - Rejected papers: $10 for all resubmissions

CLOSING REMARKS

This paper presents an elegant algebraic framework for understanding geometric
stabilization in GCD-augmented Fibonacci recurrences. The cofactor dynamics approach is
original, the Pell equation connection is surprising, and the mathematical execution is
nearly flawless. The work resolves a published open problem and opens well-defined new
research directions — precisely what a strong research paper should do.

The revisions requested are minor and focused. We are confident that the improvements
outlined above are straightforward to implement and will bring the paper to the Accept
threshold. We look forward to seeing the revised manuscript.

NEXT STEPS FOR AUTHORS

Revision Instructions

Immediate Actions: 1. Review all feedback carefully 2. Develop detailed revision plan 3.
Address all critical issues (Priority 1) 4. Strongly consider all Priority 2 issues 5. Improve
Priority 3 issues as feasible

When Ready to Resubmit: 1. Prepare revised manuscript (DOCX) 2. Write comprehensive
point-by-point response 3. Send as Reply to the same email 4. Include Submission ID: AIR-
2026-000571 5. Note resubmission number and fee status

Timeline: 1-2 weeks (Al-assisted) / 2-4 weeks (unassisted)

We wish you success in your research endeavors.

AIR Journals Editorial Team
https://airjournals.org
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